We implement an efficient strong-disorder renormalization-group (SDRG) procedure to study disordered tight-binding models in any dimension and on the Erdős-Rényi random graphs, which represent an appropriate infinite dimensional limit. Our SDRG algorithm is based on a judicious elimination of most (irrelevant) new bonds generated under RG. It yields excellent agreement with exact numerical results for universal properties at the critical point without significant increase of computer time. This opens an efficient avenue to explore the critical properties of Anderson transition in the strong-coupling limit in high dimensions.
The Anderson transition is a nontrivial consequence of destructive interference effects in disordered materials. Its simplest realization is provided by the tight-binding model which describes electronic states in a "dirty" conductor by mimicking the effect of impurities through a random onsite potential. In spite of extensive studies, one easily finds that some basic questions remain unanswered or in disagreement. For instance, different values of the upper critical dimension d u = 4, 6, and 8 [1] [2] [3] [4] [5] and d u = ∞ [6] [7] [8] have been reported. This question may look like purely academic but indeed it has practical applications in quantum kicked rotor systems [9] where the effective dimensionality of the dynamical localization is determined by the number of incommensurate frequencies in the system. [10] One main challenge in investigating the localization transition is the limited range of applicability of well known analytical approaches. For example, as in ordinary critical phenomena, the -expansion around d = 2 seems to have extremely bad convergence properties when extrapolated to d = 3, making it virtually useless if one is interested in quantitative estimates of the critical exponents [11] [12] [13] [14] [15] . In contrast, the progress in numerical calculations during the last 20 years has increased dramatically our knowledge of the metal-insulator transition, especially in dimensions such as d = 3 and 4 for which a rigorous analytical treatment is not available.
Avoiding finite-size effects by having access to very large system sizes and flexibility to work in any dimensions or topology in reasonable time and computer memory resources have been always a long lived goal for computational physicists. In this letter, we achieved this goal by designing an efficient numerical approach able to study the localization transition in the tight-binding model by computing the conductance in all dimensions without much effort. It is based on the strong-disorder renormalization-group (SDRG) method which is successful in describing the critical and near-critical behavior of the Random Transverse-Field Ising model and other random magnetic transitions, [16, 17] and have been recently used in electronic systems. [18, 19] Our implementation of the method only keeps track of the main couplings in the system which allowed us to greatly speed up the computer time.
Model and method.-We study the d-dimensional tight-binding model
where c † i (c i ) is the canonical creation (annihilation) operator of spineless fermions at site i, t i,j = t j,i is the hopping amplitude between sites i and j, and ε i is the onsite energy. The site energies ε i are identically distributed random variables drawn from a uniform distribution of zero mean and width W , and the hoping amplitude t i,j = 1 if sites i and j are connected (which is model dependent), otherwise it is zero. We treat this model using the SDRG method [19] and compute the dimensionless conductance defined as
where T is the transmittance, and · · · geo denotes the geometric average. In this work, we will consider only leads that are connected to single sites of the sample. Therefore, g is the two-point conductance.
The SDRG method consists in a iterative elimination of the strongest energy scale Ω = max{|ε i |, |t ij |} (with the exception of those connected to the external wires) and renormalizing the remaining ones couplings in the following fashion: (i) if Ω = |ε i |, then site i is eliminated from the system and the remaining couplings are renor-malized toε
on the other hand if (ii) Ω = |t i,j |, then sites i and j are eliminated from the system yielding the renormalized couplingsε
and
In this way, we eliminate all the sites until there is a single renormalized couplingε α -t α,β -ε β connecting the leads at sites α and β from which the transmittance T can be computed straightforwardly.
These transformations, although computed in perturbation theory, are exact in the purpose of studying transport properties (transmittance) since it preserves the Green's function. [20] As a consequence, this method yields accurate results for the critical parameters associated with the localization transition in any dimensions. However, as can be seen from Eqs. (3)-(6), the reconnection of the lattice requires an increasing amount of memory and the procedure becomes unpratical. In order to avoid this problem, many schemes were proposed which are model dependent. [21] [22] [23] The modification of the SDRG scheme we adopt in this work is setting a maximum coordination number k max per site, i.e., we follow the exact SDRG procedure but only keep track of the strongest k max couplings in each site. A detailed study comparing the "exact" and "modified" SDRG procedures will be given elsewhere. [24] Infinite dimensional limit.-In Erdős-Rényi (ER) random graph, we consider a system of N 1 sites in which two given sites i and j are connected with probability p (t i,j = 1) and disconnected with probability 1 − p (t i,j = 0). Since the average number of sites at a "distance" L from a particular site increases exponentially with L , it effectively corresponds to the limit of d → ∞.
In order to have a well defined length scale, the contact leads are attached to two sites at the average shortest distance L ER , where L ER = ln N/ ln k . [25] Here, k = p (N − 1) is the average coordination number which is chosen to be greater than the percolation threshold k c = 1. [26] We verified that our final results do not depend on the exact value of k as long as it is near and above k c . In similarity with previous studies on the Bethe lattice, [27] the distinction between the conducting and insulating phases manifests in the different behavior of the "weighted" two-point conductance
L−1 counts the number of sites located at the distance L from a given site. It does not play any significant role in the universal behavior of conductance [see Figs. 1(a) and (b)] but is useful to pinpoint the critical point W c [see inset of Fig. 1(a)] and to obtain the localization length ξ in the localized phase: ln g w ∼ −L/ξ. The critical disorder value W c = 14.5(3) (exact SDRG) and W c = 13.0(3) (modified SDRG with k max = 20). Our estimate for the localization length exponent (defined via ξ ∼ |W − W c | −ν considering only ξ that are less than L ER ) is ν = 0.98(4) (exact SDRG) and ν = 1.01(5) (modified SDRG) which is very close to the exact value ν = 1 in d → ∞. [27, 28] In the metallic phase, the correlation length is obtained by dividing L by ξ such that all the curves g w /g wc collapse in a single curve. This procedure is precise up to an irrelevant global prefactor. In this way, we confirm that ν is the same in both localized and delocalized phases (within the statistical error). Cubic lattice in d = 3.-We now apply the SDRG method to the cubic lattice in d = 3. Here, t i,j = 1 if i and j are nearest neighbors, and t i,j = 0 otherwise. The value of upper cutoff k max can be adjusted according to desired accuracy. Here, as in the ER graph, a modest value of k max = 20 is sufficient for getting good agreement between the exact and modified SDRG methods (within the 5% of the statistical accuracy). We have used samples of linear size L = 8, 10, 12, 15, and 20 with periodic boundary conditions and the leads were attached to the corner and to the center sites of the sample (maximum possible distance). In the inset of Fig. 2(a) , we plot g w = L 3 g for various disorder parameter W . Unlike the ER graph, it is not so simple to pinpoint the critical point W c , mainly because g w at criticality is not constant for large L. We then try scaling using different critical W c until the best data collapse is obtained [see Fig. 2(a) ]. We find W c = 16.5(5) (exact SDRG) and W c = 17.5(5) (modified SDRG). The localization length exponent is obtained in the same way as in the ER graph [see Fig.  2(b) ] from which we obtained ν = 1.57(1) in agreement with previous results. [29, 30] Although this result is obtained by fitting only those data in which ξ < 20, it fits quite well all the entire data set.
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Applications.-Our method is straightforwardly applicable to higher dimensions where the use of modified SDRG becomes essential. For instance, in the simulations here reported, for the largest samples used the CPU time required by the exact SDRG method is of order 10 4 greater than the modified one with k max = 20. [24] Another possible application of our method is to consider the global conductance instead of the two-point one. In this case, the leads will be attached to opposite planes of the sample which will be fully connected after the interior is decimated out.
Conclusion.-We showed our modified SDRG method is suitable to study the localization properties of large system in any dimension. This significant progress eliminates previous obstacles such as computational time or computer memory size and paves the avenue for future study of the Anderson transition. 
